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1. A pair of surfaces S1, S2 are called conjugate minimal surfaces if they are covered
by isothermal parameterisations X, Y such that

Xu = �Yv, Xv = Yu.

That is, they satisfy the Cauchy-Riemann equations. By PDE, this means that
they are also harmonic and therefore S1, S2 are minimal. Show that the surface
parameterised by

Zt = cos tX + sin tY, t 2 R
is minimal by showing that Zt is also isothermal and harmonic. This means that if
we have a pair of conjugate minimal surfaces parameterised by X, Y , we can find a
1-parameter family of minimal surfaces Zt that continuously interpolates between
X (t = 0) and Y (t = ⇡/2).

2. Compute the Christo↵el symbols of a surface of revolution given by

X(u1, u2) = (f(u2) cosu1, f(u2) sin u1, g(u2)).

3. Recall that a di↵eomorphism ' : S1 ! S2 is an isometry if for any p 2 S1 and
v, w 2 TpS1,

hv, wip = hd'p(v), d'p(w)i'(p).

Show that ' is an isometry if and only if the arc-length of any parameterised curve
in S1 is equal to the arc-length of the image curve under '.

X: U+Si Discussion
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Grien : Xi Recalthamama).
[gur]y = [rChiEnt].

If X are isothermal coordinates coverings and X is harmonic
,

XX= Ynu +X = 8

then Sis minimal. (ie . Hg= 3).

Setup: Xn= -Yv
,
Xv = Yu

. Camely Rieman equations
Ef : It isothemic : Zu = restXn + SintYu , Zv= costXv + sintYv.
<Zu ,

Zu] = <estXu+SintYn , costMu +sitYn)

= cost <Xu
,
Xu> +2 costant <Ye

,
Yu) + Swirt <Yi ,Yu]

= cost + 2 cost suitY +sint

= X
.

<Ev, Evx
= R similarly

<En ,Ev)
= costXu + SuitYu, ustXv +sintYr)
= 15t </,E + Sintcost <Xu

,
Yo> + Sintcost<Yu

,
N>

+sitY



=-cost sit<Xu
,
Xul + costsint<Xv ,Xv>
g

= *Costscosuit) = 0 .

So (gn] = [MY wel Zis isthermic

LZ = Zun +Ev = costXuu + SintYun+ costXrv + sint You
= es)(X + SuitDY

= Or

Helicoid and Catenoid can be show to be conjugateminimal surfaces.
"Associate family" of minimal surfaces.
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2. Compute the Christo↵el symbols of a surface of revolution given by

X(u1, u2) = (f(u2) cosu1, f(u2) sin u1, g(u2)).N

nSo
=spen,

↑

so regarding SibjX as a rector in R3,

66X=M +MX+ hijN.
2nd f . f.

EnterX+hi
= NXn + higN

M = Eght (Eige+ Zigue-Gegij)
Of . I ff of surface of revolution

9
=[] g=[(g]

Since I isdiagonal , wehe

r= g(age+ge-Geg
= g" 29+ , giz + 0 ,912-82gn)
=g" sincemeanshich does not depend on



ri=g (Digintbigin-begu)=gEgy=giz (187)
=-ff

(g) .
ri2=g" g -G = EgEgu = g"ff)

zi(gt
-(g)=

f'f"-gig
"

in = 0,z =0
,
Me =
+g.

compote K from MET , Goj
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3. Recall that a di↵eomorphism ' : S1 ! S2 is an isometry if for any p 2 S1 and
v, w 2 TpS1,

hv, wip = hd'p(v), d'p(w)i'(p).

Show that ' is an isometry if and only if the arc-length of any parameterised curve
in S1 is equal to the arc-length of the image curve under '.

E : E = let 2 : (a
,b] -> S , bea are . 4() isnamemiSs

.

< (4(4)/2b)) = S1402)(t)(dt
= Sedas(Ell, deact((t))t
=

Inx() , x(t)dt

= L((
,
b)) -

/


